PHYSICS I

Damped and Forced Harmonic Oscillation

When a simple Harmonic oscillator vibrates in a resisting medium (like air, oil etc.) then the
energy is dissipated in each vibration and the amplitude of vibration is decreasing progressively

with time. The force resists the vibration is known as damping force.
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Thus, a body executing SH oscillation in a damping medium there exists two opposite forces.
1. The restraining force acting on the body which is proportional to the displacement of
the body and acts in a direction opposite to the displacement. This force is -ay where a

1s the force constant.

2. A resistive force which is proportional to the velocity of the oscillating body. The

resistive force can be written as

F=—bv=-b%
dt

Where b is called the damping coefficient of the medium. The (—) ve sign signifies a

restraining influence on the vibration of the particle.

4+ The differential equation of motion of a body executing damped harmonic oscillation

can be written as,

d?y dy
m— = —ay —b—
dt? Y dt
d’y bdy a
= — — — — 0
dt? + m dt + my

_. 4%y o2
—>dt2+2/1dt+a)y—0 (1)



b
where, 24 = =~ & w? ==
m m

which is the differential equation of a damped harmonic oscillation.

Solution: Lety = Ae** be the trial solution.

Now,

d d?
= kAekt | 2L = k2pekt
dt dt?

Equation (1) implies k2Ae*t + 21 kAe*t + w?Ae*t = 0
or, k> 4+ 2k +w?=0

"= —21 £ /(21)? — 4.1. w?

or,

2.1
So,  k=—-A+ VI —a?
2 2
The general solution is y = Ale(_“\/'l —0)t 4 ,423(—/1—\[/1 —w?)t @)

where A1 & A: are arbitrary constant.

Now, differentiating equation (2) with respect to t

d_y = (_/1 +4/22 — wz)Ale(_’”‘Mz—wz)t + (_/1 —Jaz — wz)AZe(—A—m)t

dt
(©))
Let, the maximum value of the displacement y be y max = agat time t = 0
Equation (2) implies Ypax = ao = A1 + 4, 4)
Again, the velocity is zero at maximum displacement % =0 attimet=0
Equation (3) implies (—2+ VA% — w?)A4; + (-1 — VA% — w?)A4, =0
or, _/1(141 + Az) + vV /12 - (1)2(141 - Az) =0
or,\ 1> — w?(A; — A,) = Aa,
Aa

or, A1 —Az = \/ﬁ (5)

lao
@+ () 24, = ao+ﬁ

1 A
= A; =Ea0 (1 +m)
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Equation (4) = A, = aq¢ — 5o (1 + m) =3% (1 - \//12—@2)

Hence, we have, from equation (2)

1 2
y =5 ae (1 + = )Vt i (1 - Ty

— w2 12 — wz)
There are three cases

Case I when (1% > w?) : damping is large.A? — w? is (+)ve. Hence, the displacement
decreases exponentially with time. There exists no oscillation and the motion are called
overdamped.

Example: a pendulum oscillating in a viscous fluid like oil.

Case II: When 12 = w? , Y12 — w2 = 0 then there exists no solution. Let VA2 — w2 = h
whereh — 0
Equation (2) = = y = A;e CHME 4 4,eA-E = p=At (4 oht 4 4,7 Nt)

t? | r°t? h?t?  hit? )

_ n?
y=e "‘{A1(1+ht+7+7+-~)+A2(1—ht+7— -

= e M{A;(1+ ht) + A,(1 — ht)}
LetA1 +A2 = M,h(A1 _Az) = N

~y=e*(M+Nt) )
Recall Yy = ag ,%z Oatt=20

S Ymax = Ao =M

Y — e~ N + (M + Nt)(~2)e* 7

dt
Fori—jt/ =0att=0
Equation (7) implies 0= N+ (M + 0)(—A4).1
=N =AM = Aa,
~(A1—Ay) h = Aa, )
y = e M(ay + Aagt)

o y = aoe_lt(l + At)
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Case III: when A? < w? then y = age* sin(gt + @)

VA? — w? is clearly imaginary say equal to ig when i = v—1 and g = Vw? — A% is areal

quantity. From equation (2) we can write

y= Ale(—l+ig)t + Aze(—/1+ig)t
or,y = e ™A eldt + A,e~i9t
=e M{A,(cosgt + i singt) + A,(Cosgt — isingt)}
= e M{(A; + Ay)cosgt + i(A; — A,)singt}
Putting A, + A, =A&i(A; —A4,) =B

We have, fig-1

y=e~* (Acosgt + B Singt) if A, B & a, are related as shown in fig-1,
then y = e *(a, cosgt = + apsingt -)
Qo Qo

= e~ M(aycosgtsing + aysingtcose)

=e % a, sin(gt + ¢)

~ta, sin(gt + @)

which is the equation of damped harmonic oscillator with amplitude a,e~** and frequency
g vV o= 12

2m 21

which implies y = e
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Power dissipation in damped harmonic oscillation

Show that the average loss of energy = 2AE

Solution

The oscillation of damped harmonic oscillator is given by
y = age™ sin (gt + ¢)

So its velocity at a given instant is

% = qge M (—Asin (gt + @) + g cos (gt + @))

& the kinetic energy of the oscillation of the particles at the instant t

2
%m (%) = %mao(ao)ze‘w (—Asin (gt + @) + gcos (gt + @)) 2

1
= Em(ao)ze_” (A2 sin?(gt + @) + g%cos? (gt + @) — 2Agsin (gt + @)cos (gt + @))

The average value of the kinetic energy of the damped harmonic oscillator over a complete

cycle at the given instant t

1 2 1 1
= 5mag e 2t (5/12 +5 g2-0 )

. 1 z _
So the kinetic energy = . ma, e 22 g2

[AZ is neglected compared with g?]
So,K.E.= %maoze_z’“g2

The potential energy of the oscillator at the given instant t when the displacement y is

3
S
<

mw?(aoe *sin (gt + (p))2

2 ,—27

I
NIRr NlR N]R

may? e M w?sin? (gt + @)

The average value of the potential energy of the DHO over a complete cycle at the given

instant t
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1 o 1 . : 1
Emaoz e 2 sz [since, Avg{sin®(gt + @)} = ]
1 _ .
= Zmao2 w? e"?M [ since g~ w]
1 _
= lmag? g% e 21t

The average total energy of the oscillator is given by

E = average P.E. + average K.E.

1 1
= may? gz o224 +—m(a0)2g26_2’“
4 4

—21t 2At

1
=-may? g% e

=E,e”
2 0

where %mao2 g? = E, = The average total energy of the un damped oscillator

The average power dissipation (p)= the loss of energy = — i—f =— %mao2 g% e ?* = 2)F
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Quality factor: The Quality factor of a harmonic oscillator is defined as 27 times the ratio

between the energy stored and the energy lost per period. Thus,

energy stored E
Q =2m 9y — =2 ——
energy lost per period 2AET
=29 _9 g= 2 isthe frequency of DHO
20 22 T
w .
so, Q = 51 Incase of low damping g = w
. a m vam a
Again, Q = — = w = \/m , frequency
b
whenb - 0,0 - «a 2/1=;

So, for lower value of damping the higher value of Q.

Ex. 3.4 A particle of mass 3gm is subjected to an elastic force of 48dyne/cm a damping force of 12

dyne/cm. If the motion is oscillatory find its period.

Solution
48dyme
a
W= \[: = |- =4/sec
m 39
&22=2
m

b 12
oL dl=—=-—=2/sec
2m 2X3

Since, w > A the motion is oscillatory.

vV w2=22

So, the frequency of the oscillatory motion is 2% =—

Hence the period of the oscillatory motion is

1 2 21 2
TT T T T 1.81 sec(approx.)

Barishal Engineering College



Ex. 3.5 Suppose a tuning fork in air has a frequency 2% = 200cps and its oscillation die

1 .. . . L .
away to — of its former amplitude is one second. Show that the reduction in frequency by air

damping is exceeding small.

Solution
N 2_ )32
For damping vibration g Yoo X
2r 21
Let the amplitude at time t is y = Ae™* (1)
Then the amplitude after one second y = % = AeMt+D (i)

Dividing equation (ii) by (i) we have

1 _
Z=e A
e
or,e t=¢*
So,A=1
vV w?-1

Hence, I =200=

21 21

Therefore the value of w = \/{(271 x 200)% + 1}

or, 2= = \[{(200)2 + )

Since, % is negligible compared to (200)?, damping due to air has only negligible effect of

T2
of the frequency of the tuning fork.

Write down the equation of motion of forced vibration and solve it. Also find the

expression for maximum amplitude and quality factor.

Consider the periodic force

F = Fysinpt

is applied on a damped harmonic oscillator then the equation of motion for forced

vibration can be written as

d?y dy
m—= —-b—=—ay+F
dt? dt Y
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or, dtz AR b— + ay = Fysinpt

@y bdy a _ Fosinpt
Or’dt2+mdt+my_ m
or, ?+ 2/1 -t w?y = f,sinpt (1)

_b 2_2a )
where, 214 = m,a) = m&fo =

Let the particular solution of equation (1) is
y = Asin (pt — 0)

or ,_d— = pAcos (pt — 0)

iy
or _m— —Ap? sin (pt — 6)
or, % =—p?y
So, equation (1) implies —Ap? sin (pt — 6)+2 AApcos (pt — 0)+ w? Asin (pt — 0)
=fo sin((pt — 6) + 0)
=f, sin(pt — 8) cosO + f;, sin 6 cos(pt — 0)

Now by separating the coefficient of sin(pt — 8) & cos(pt — 8) we have,
A(w? — p?) = fycosB )
2AAp = fysin® 3)

(2)2 + (3)? implies

A%( w2 — pA)? + 422 A% p? = f,%(sin?0 + cos?0)
or, A%( w?— p?)2+412A%p? = f,°
or, A2(( w?— p)?+422p?) = f’

2 fo?
or, A° =
> (w2_p2)2+412 pZ

fo?
(w?— p?)2+4A2 p?

Hence, the amplitude of the forced oscillator is A = \[

fosin® 2AAp
focos© T A( w?-p2)

(3) + (2) implies

_ 22p
so, tanf = s
— tan-1_24P
or, 8 = tan P

which is the phase difference between the driven or forced oscillator and the applied force.
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fo?
( (4)2— p2)2+42'2 pZ

. !
X sin (pt — tan 1w—p)

2_ pZ

Hence the particular solutionis y = J
represents a SHM of frequency % .

2
Again the complementary function of (1) which is solution of % + 22 (;—3; + w?y =0

is (we know)
y = age™* sin (gt + ¢)
Thus, the complete solution of (1) will be

y = ase *tsin(gt + @) + Asin (pt — 6)

fo?
( wz_ p2)2+4/‘12 pZ

Maximum Amplitude: A% =
The amplitude will be maximum if ( w? — p?)? + 44% p? has its minimum value.
d

—{ (0® = p?)?+422p?} =0

dt

or, =2 (w?— p?)2p+ 42%2p =0

or, w? — p? = 212

or, p? = w?— 212

So, p=,/w2— 22°

Hence, the expression for Maximum Amplitude 4,4, = \[

fo?
(w?—p2)2+422 p?

fo?
or, A =
max \/ (w2—(w?-212))*+422( 02— 242)

_ fo _ fo — fo
Varz w2-424  [422(w?-22) 22/(w?-12)

Quality factor: The ratio of the amplitude of the oscillator when the driving frequency is
very small is called the Quality factor of the oscillator and is denoted by Q

Hence,

fi
Amax _ 0/21(1)

fo
Q= —/21“’ = 2 & the relaxation time is T= e where Q = =
» A fo / w2

- fO/w2 21 & w=2nn

H.W. 3.6, 3.7, 3.8
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