
PHYSICS I 

Damped and Forced Harmonic Oscillation 

 

When a simple Harmonic oscillator vibrates in a resisting medium (like air, oil etc.) then the 

energy is dissipated in each vibration and the amplitude of vibration is decreasing progressively 

with time. The force resists the vibration is known as damping force.  

 

 

 

 

 

Thus, a body executing SH oscillation in a damping medium there exists two opposite forces. 

1. The restraining force acting on the body which is proportional to the displacement of 

the body and acts in a direction opposite to the displacement. This force is -ay where a 

is the force constant. 

2. A resistive force which is proportional to the velocity of the oscillating body. The 

resistive force can be written as  

                                                   F= −𝑏𝑣 = −𝑏
ௗ௬

ௗ௧
 

Where b is called the damping coefficient of the medium. The (−) ve sign signifies a 

restraining influence on the vibration of the particle. 

 

 The differential equation of motion of a body executing damped harmonic oscillation 

can be written as, 

                 m
ௗమ௬

ௗ௧మ =  −𝑎𝑦 − 𝑏
ௗ௬

ௗ௧
 

         => 
ௗమ௬

  ௗ௧మ +
௕

௠

ௗ௬

ௗ௧
+

௔

௠
𝑦 = 0 

         => 
 ௗమ௬

 ௗ௧మ
+ 2𝜆

ௗ௬

ௗ௧
+ 𝜔ଶ𝑦 = 0                                                 (1) 
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where, 2𝜆 =
௕

௠
   &  𝜔ଶ =

௔

௠
 

which is the differential equation of a damped harmonic oscillation. 

 

Solution:  Let y = 𝐴𝑒௞௧ be the trial solution. 

 Now, 

  
ௗ௬

ௗ௧
= 𝑘𝐴𝑒௞௧  ,   

ௗమ௬

 ௗ௧మ = 𝑘ଶ𝐴𝑒௞௧ 

Equation (1) implies  𝑘ଶ𝐴𝑒௞௧ + 2𝜆 𝑘𝐴𝑒௞௧ + 𝜔ଶ𝐴𝑒௞௧ = 0 

𝑜𝑟, 𝑘ଶ + 2𝜆𝑘 + 𝜔ଶ = 0 

𝑜𝑟, 𝑘 =  
−2𝜆 ±  ඥ(2𝜆)ଶ − 4.1. 𝜔ଶ

2.1
 

  So,        k = −𝜆 ± √𝜆ଶ − 𝜔ଶ 

The general solution is  y = 𝐴1𝑒(−𝜆+ට𝜆
2

−𝜔2)𝑡 + 𝐴2𝑒(−𝜆−ට𝜆
2

−𝜔2)𝑡                   (2) 

where A1 & A2 are arbitrary constant. 

Now, differentiating equation (2) with respect to t  

𝑑𝑦

𝑑𝑡
= ቀ−𝜆 + ඥ𝜆ଶ − 𝜔ଶቁ 𝐴ଵ𝑒(ିఒା√ఒమିఠమ)௧ + ቀ−𝜆 − ඥ𝜆ଶ − 𝜔ଶቁ 𝐴ଶ𝑒(ିఒି√ఒమିఠమ)௧ 

                                                       (3) 

 

Let, the maximum value of the displacement y be y max = 𝑎଴at time t = 0 

Equation (2) implies   𝑦௠௔௫ = 𝑎଴ = 𝐴ଵ + 𝐴ଶ                                                      (4) 

Again, the velocity is zero at maximum displacement 
ௗ௬

ௗ௧
= 0 at time t= 0 

Equation (3) implies  ൫−𝜆 + √𝜆ଶ − 𝜔ଶ൯𝐴ଵ + ൫−𝜆 − √𝜆ଶ − 𝜔ଶ൯𝐴ଶ = 0 

𝑜𝑟, −𝜆(𝐴ଵ + 𝐴ଶ) + ඥ𝜆ଶ − 𝜔ଶ(𝐴ଵ − 𝐴ଶ) = 0 

𝑜𝑟, ඥ𝜆ଶ − 𝜔ଶ(𝐴ଵ − 𝐴ଶ) = 𝜆𝑎଴ 

𝑜𝑟, 𝐴ଵ − 𝐴ଶ =  
ఒ௔బ

√ఒమିఠమ
                                                       (5) 

 

(4) + (5)  ⇒ 2𝐴ଵ = 𝑎଴ +
ఒ௔బ

√ఒమିఠమ
 

⇒  𝐴ଵ =
1

2
𝑎଴ (1 +

𝜆

√𝜆ଶ − 𝜔ଶ
)  

  



Barishal Engineering College 

3 
 

 
 

Equation (4) ⇒  𝐴ଶ = 𝑎଴ −
ଵ

ଶ
𝑎଴ ቀ1 +

ఒ

√ఒమିఠమቁ =
ଵ

ଶ
𝑎଴ ቀ1 −

ఒ

√ఒమିఠమቁ 

Hence, we have, from equation (2) 

 

𝑦 =
1

2
𝑎଴𝑒ିఒ௧{൬1 +

𝜆

√𝜆ଶ − 𝜔ଶ
൰ 𝑒√ఒమିఠమ ௧ + ൬1 −

𝜆

√𝜆ଶ − 𝜔ଶ
൰ 𝑒ି√ఒమିఠమ ௧} 

 

There are three cases  

Case I 𝑤ℎ𝑒𝑛 (𝜆ଶ > 𝜔ଶ) ∶ damping is large.𝜆ଶ − 𝜔ଶ is (+)ve. Hence, the displacement 

decreases exponentially with time. There exists no oscillation and the motion are called 

overdamped.  

Example: a pendulum oscillating in a viscous fluid like oil. 

 

Case II: When  𝜆ଶ = 𝜔ଶ  , √𝜆ଶ − 𝜔ଶ = 0  then there exists no solution. Let √𝜆ଶ − 𝜔ଶ = ℎ 

where h → 0 

Equation (2) ⇒ ∴ 𝑦 = 𝐴ଵ𝑒(ିఒା௛)௧ + 𝐴ଶ𝑒(ିఒି௛)௧ = 𝑒ିఒ௧(𝐴ଵ𝑒௛௧ + 𝐴ଶ𝑒ି௛௧) 

 

y = 𝑒ିఒ {𝐴ଵ ቀ1 + ℎ𝑡 +
௛మ௧మ

ଶ!
+

௛య௧య

ଷ!
+ ⋯ ቁ + 𝐴ଶ ቀ1 − ℎ𝑡 +

௛మ௧మ

ଶ!
−

௛య௧య

ଷ!
+ ⋯ ቁ 

=  𝑒ିఒ௧{𝐴ଵ(1 + ℎ𝑡) + 𝐴ଶ(1 − ℎ𝑡)} 

Let 𝐴ଵ + 𝐴ଶ = 𝑀, ℎ (𝐴ଵ − 𝐴ଶ) = 𝑁 

 

∴ 𝑦 = 𝑒ିఒ (𝑀 + 𝑁𝑡)                                                        (6) 

Recall  𝑦௠௔௫ = 𝑎଴  , 
ௗ௬

ௗ௧
= 0 at t = 0 

∴  𝑦௠௔௫ = 𝑎଴ = 𝑀 

ௗ௬

ௗ௧
  = 𝑒ିఒ௧. 𝑁 + (𝑀 + 𝑁𝑡)(−𝜆)𝑒ିఒ௧                                                       (7) 

For 
ௗ௬

ௗ௧
= 0  𝑎𝑡 𝑡 = 0 

Equation (7) implies     0= 𝑁 + (𝑀 + 0)(−𝜆). 1 

  =>N = 𝜆𝑀 = 𝜆𝑎଴ 

∴(A1−𝐴ଶ) ℎ = 𝜆𝑎଴                                                                                                                                                          (8) 

y = 𝑒ିఒ௧(𝑎଴ + 𝜆𝑎଴𝑡) 

 

∴ y = 𝑎଴𝑒ିఒ௧(1 + 𝜆𝑡) 
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Case III: when 𝜆ଶ < 𝜔ଶ  then 𝑦 = 𝑎଴𝑒ିఒ௧ sin(𝑔𝑡 + 𝜑)  

√𝜆ଶ − 𝜔ଶ is clearly imaginary say equal to ig when 𝑖 = √−1  and 𝑔 = √𝜔ଶ − 𝜆ଶ is a real 

quantity. From equation (2) we can write 

 

 𝑦 = 𝐴ଵ𝑒(ିఒା௜௚)௧ + 𝐴ଶ𝑒(ିఒା௜௚)௧  

or, 𝑦 = 𝑒ିఒ௧𝐴ଵ𝑒௜௚௧ + 𝐴ଶ𝑒ି௜௚௧ 

         =𝑒ିఒ௧{𝐴ଵ(𝑐𝑜𝑠𝑔𝑡 + 𝑖 𝑠𝑖𝑛𝑔𝑡) + 𝐴ଶ(𝐶𝑜𝑠𝑔𝑡 − 𝑖𝑠𝑖𝑛𝑔𝑡)} 

         = 𝑒ିఒ௧{(𝐴ଵ + 𝐴ଶ)𝑐𝑜𝑠𝑔𝑡 + 𝑖(𝐴ଵ − 𝐴ଶ)𝑠𝑖𝑛𝑔𝑡} 

Putting   𝐴ଵ + 𝐴ଶ = 𝐴 & 𝑖(𝐴ଵ − 𝐴ଶ) = 𝐵,           

                                                                                                                     𝑎଴                          A 

                                                      𝜑            B           

We have,                                                                                                         fig-1 

 

y = 𝑒ିఒ (𝐴𝑐𝑜𝑠𝑔𝑡 + 𝐵 𝑆𝑖𝑛𝑔𝑡) if A, B & 𝑎଴ are related as shown in fig-1, 

then  𝑦 = 𝑒ିఒ௧(𝑎଴ 𝑐𝑜𝑠𝑔𝑡
஺

௔బ
+ 𝑎଴𝑠𝑖𝑛𝑔𝑡 

஻

௔బ
) 

           = 𝑒ିఒ௧(𝑎଴𝑐𝑜𝑠𝑔𝑡𝑠𝑖𝑛𝜑 + 𝑎଴𝑠𝑖𝑛𝑔𝑡𝑐𝑜𝑠𝜑) 

           = 𝑒ିఒ 𝑎଴ 𝑠𝑖𝑛(𝑔𝑡 + 𝜑)  

which implies 𝑦 = 𝑒ିఒ௧𝑎଴ 𝑠𝑖𝑛(𝑔𝑡 + 𝜑)  

which is the equation of damped harmonic oscillator with amplitude  𝑎଴𝑒ିఒ௧ and frequency  

𝑔

2𝜋
=

√  𝜔ଶ −  𝜆ଶ

2𝜋
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Power dissipation in damped harmonic oscillation 

Show that the average loss of energy = 𝟐𝝀𝑬 

Solution 

The oscillation of damped harmonic oscillator is given by  

𝑦 = 𝑎଴𝑒ିఒ sin (𝑔𝑡 + 𝜑) 

So its velocity at a given instant is 

 
ௗ௬

ௗ௧
= 𝑎଴𝑒ିఒ௧(−𝜆sin (𝑔𝑡 + 𝜑) + g cos (𝑔𝑡 + 𝜑)) 

 

& the kinetic energy of the oscillation of the particles at the instant t 

ଵ

ଶ
𝑚 ቀ

ௗ௬

ௗ௧
ቁ

ଶ

=
ଵ

ଶ
𝑚𝑎଴(𝑎଴)ଶ𝑒ିଶఒ௧ (−𝜆sin (𝑔𝑡 + 𝜑) + gcos  (𝑔𝑡 + 𝜑)) ଶ 

=
1

2
𝑚(𝑎଴)ଶ𝑒ିଶఒ (𝜆ଶ sinଶ(𝑔𝑡 + 𝜑) + gଶcosଶ (𝑔𝑡 + 𝜑)  − 2𝜆𝑔sin (𝑔𝑡 + 𝜑)cos  (𝑔𝑡 + 𝜑)) 

 

The average value of the kinetic energy of the damped harmonic oscillator over a complete 

cycle at the given instant t  

=  
1

2
𝑚𝑎଴

ଶ

𝑒ିଶఒ௧ ൬
1

2
𝜆ଶ +

1

2
 gଶ − 0   ൰ 

So the kinetic energy =
ଵ

ସ
𝑚𝑎଴

ଶ
𝑒ିଶఒ gଶ      

 [𝜆2 is neglected compared with gଶ] 

 

So, K.E.=   
ଵ

ସ
𝑚𝑎଴

ଶ𝑒ିଶఒ௧gଶ                                                                                                              

 

The potential energy of the oscillator at the given instant t when the displacement y is 

 

= 
ଵ

ଶ
𝑚𝜔ଶ𝑦ଶ 

            = 
ଵ

ଶ
𝑚𝜔ଶ൫𝑎଴𝑒ିఒ௧sin (𝑔𝑡 + 𝜑)൯

ଶ
 

            = 
ଵ

ଶ
𝑚𝑎଴

ଶ 𝑒ିଶఒ௧𝜔ଶsinଶ (𝑔𝑡 + 𝜑) 

 

The average value of the potential energy of the DHO over a complete cycle at the given 

instant t  
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ଵ

ଶ
𝑚𝑎଴

ଶ 𝑒ିଶఒ௧ ଵ

ଶ
𝜔ଶ                          [since, Avg{sinଶ(𝑔𝑡 + 𝜑)} =

ଵ

ଶ
] 

=
ଵ

ସ
𝑚𝑎଴

ଶ  𝜔ଶ 𝑒ିଶఒ௧                       [ since g≈  𝜔] 

=
ଵ

ସ
𝑚𝑎଴

ଶ  𝑔ଶ 𝑒ିଶఒ௧                           

                    

The average total energy of the oscillator is given by 

E = average P.E. + average K.E. 

 

1

4
𝑚𝑎଴

ଶ  𝑔ଶ  𝑒ିଶఒ    +
1

  4
 𝑚(𝑎଴)ଶgଶ𝑒ିଶఒ௧ 

       =
ଵ

ଶ
𝑚𝑎଴

ଶ  𝑔ଶ  𝑒ିଶఒ௧ = 𝐸଴𝑒ିଶఒ௧ 

where 
ଵ

ଶ
𝑚𝑎଴

ଶ  𝑔ଶ = 𝐸଴ = The average total energy of the un damped oscillator 

The average power dissipation (p)= the loss of energy = −
ௗா

ௗ௧
= −

ଵ

ଶ
𝑚𝑎଴

ଶ  𝑔ଶ  𝑒ିଶఒ௧ = 2𝜆𝐸 
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Quality factor: The Quality factor of a harmonic oscillator is defined as 2𝜋 times the ratio 

between the energy stored and the energy lost per period. Thus,  

𝑄 = 2𝜋
௘௡௘௥௚௬ ௦௧௢௥௘ௗ

௘௡௘௥௚௬ ௟௢௦௧ ୮ୣ୰ ୮ୣ୰୧୭ୢ 
= 2𝜋

ா

ଶఒா்
  

  =
ா௚

ଶఒ
=

௚

ଶఒ
      𝑔 =

ଶగ

்
      is the frequency of DHO 

𝑠𝑜, 𝑄 =
ఠ

ଶఒ
       Incase of low damping g ≈  𝜔 

Again, 𝑄 = √
௔

௠
  

௠

௕
=   

√௔௠

௕
                                 𝜔 = √

௔

௠
  , frequency 

       𝑤ℎ𝑒𝑛 𝑏 → 0, 𝑄 → 𝛼                                        2𝜆 =
𝑏

𝑚
   

So, for lower value of damping the higher value of Q. 

Ex. 3.4 A particle of mass 3gm is subjected to an elastic force of 48dyne/cm a damping force of 12 

dyne/cm. If the motion is oscillatory find its period. 

Solution 

𝜔 = ට
௔

௠
= ඨ

48dyne

cm

ଷ௚
= 4/𝑠𝑒𝑐   

& 2𝜆 =
௕

௠
   

or, 𝜆 =
௕

ଶ௠
=

ଵଶ

ଶ×ଷ
= 2/𝑠𝑒𝑐 

Since,  𝜔 > 𝜆  the motion is oscillatory. 

So, the frequency of the oscillatory motion is  
௚

ଶగ
=

√  ఠమି ఒమ

ଶగ
     

Hence the period of the oscillatory motion is 

 
ଵ
೒

మഏ

=  
ଶగ

√  ఠమି ఒమ
=  

ଶగ

√  ସమି ଶమ
   =  

ଶగ

√ଵଶ
= 1.81 sec(𝑎𝑝𝑝𝑟𝑜𝑥. )     
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Ex. 3.5 Suppose a tuning fork in air  has a frequency 
௚

ଶగ
= 200𝑐𝑝𝑠 and its oscillation die 

away to  
ଵ

௘
 of its former amplitude is one second. Show that the reduction in frequency by air 

damping is exceeding small.   

Solution 

For damping vibration 
௚

ଶగ
=

√  ఠమି ఒమ

ଶగ
 

Let the amplitude at time t is 𝑦 = 𝐴𝑒ିఒ           (i) 

Then the amplitude after one second 𝑦́ =
௬

௘
= 𝐴𝑒ିఒ(௧ାଵ)         (ii) 

Dividing equation (ii) by (i) we have  

 
ଵ

௘
= 𝑒ିఒ          

or , 𝑒ିଵ = 𝑒ିఒ 

So, 𝜆 = 1 

Hence, 
௚

ଶగ
= 200 =

√  ఠమିଵ

ଶగ
 

Therefore the value of 𝜔 = ඥ{(2𝜋 × 200)ଶ + 1} 

or, 
ఠ

ଶగ
= ටቄ(200)ଶ +

ଵ

ସగమቅ 

Since, 
ଵ

ସగమ is negligible compared to (200)ଶ, damping due to air has only negligible effect of 

of the frequency of the tuning fork. 

Write down the equation of motion of forced vibration and solve it. Also find the 

expression for maximum amplitude and quality factor. 

Consider the periodic force  

  𝐹 =  𝐹଴sinpt  

is applied on a damped   harmonic oscillator then the equation of motion for forced 

vibration can be written as 

m
ௗమ௬

ௗ௧మ =  −𝑏
ௗ௬

ௗ௧
− 𝑎𝑦 + 𝐹 
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or, m
ௗమ௬

ௗ௧మ + 𝑏
ௗ௬

ௗ௧
+ 𝑎𝑦 = 𝐹଴sinpt  

or, 
ௗమ௬

 ௗ௧మ +
௕

௠

ௗ௬

ௗ௧
+

௔

௠
𝑦 =

ிబୱ୧୬୮୲ 

௠
 

or, 
ௗమ௬

 ௗ௧మ
+ 2𝜆

ௗ௬

ௗ௧
+ 𝜔ଶ𝑦 = 𝑓଴sinpt                          (1) 

where, 2𝜆 =
௕

௠
, 𝜔ଶ =

௔

௠
& 𝑓଴ =

ிబ

௠
 

Let the particular solution of equation (1) is  

𝑦 = 𝐴sin (𝑝𝑡 − 𝜃) 

or , 
ௗ௬

ௗ௧
= 𝑝𝐴𝑐𝑜𝑠 (𝑝𝑡 − 𝜃) 

or, 
ௗమ௬

 ௗ௧మ = −𝐴𝑝ଶ sin (𝑝𝑡 − 𝜃) 

or, 
ௗమ௬

 ௗ௧మ = −𝑝ଶ𝑦 

So, equation (1) implies −𝐴𝑝ଶ sin (𝑝𝑡 − 𝜃)+2 𝜆𝐴𝑝𝑐𝑜𝑠 (𝑝𝑡 − 𝜃)+ 𝜔ଶ 𝐴sin (𝑝𝑡 − 𝜃) 

                        =𝑓଴ sin((𝑝𝑡 − 𝜃) + θ) 

                        =𝑓଴ sin(𝑝𝑡 − 𝜃) cosθ + 𝑓଴ sin θ cos(𝑝𝑡 − 𝜃) 

Now by separating the coefficient of sin(𝑝𝑡 − 𝜃) & cos(𝑝𝑡 − 𝜃) we have,  

 

𝐴(𝜔ଶ −  𝑝ଶ) = 𝑓଴ cos θ                                                                                               (2) 

  

2𝜆𝐴𝑝 = 𝑓଴ sin θ                                                                                                          (3) 

 

 (2)ଶ +  (3)ଶ implies  

    𝐴ଶ(  𝜔ଶ −  𝑝ଶ)ଶ + 4𝜆ଶ 𝐴ଶ 𝑝ଶ =  𝑓଴
ଶ( 𝑠𝑖𝑛ଶθ +  𝑐𝑜𝑠ଶθ)   

or,     𝐴ଶ(  𝜔ଶ −  𝑝ଶ)ଶ + 4𝜆ଶ 𝐴ଶ 𝑝ଶ =  𝑓଴
ଶ 

or,   𝐴ଶ( (  𝜔ଶ −  𝑝ଶ)ଶ + 4𝜆ଶ 𝑝ଶ) =  𝑓଴
ଶ 

or,   𝐴ଶ =
 ௙బ

మ

   ( ఠమି ௣మ)మାସఒమ ௣మ 

Hence, the amplitude of the forced oscillator is 𝐴 = ට
 ௙బ

మ

   ( ఠమି ௣మ)మାସఒమ ௣మ 

(3) ÷ (2) implies  
௙బ ୱ୧୬ ஘

௙బୡ୭ୱ ஘  
=

ଶఒ஺௣

஺(  ఠమି ௣మ)
  

so, 𝑡𝑎𝑛θ =
ଶఒ௣

  ఠమି ௣మ
 

or, θ = tanିଵ ଶఒ௣

  ఠమି ௣మ 

which is the phase difference between the driven or forced oscillator and the applied force.  
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Hence the particular solution is 𝑦 = ට
 ௙బ

మ

   ( ఠమି ௣మ)మାସఒమ ௣మ × 𝑠𝑖𝑛 ቀ𝑝𝑡 −  tanିଵ ଶఒ௣

  ఠమି ௣మቁ  

represents a SHM of frequency ௣

ଶగ
 .  

Again the complementary function of (1) which is solution of  ௗ
మ௬

 ௗ௧మ
+ 2𝜆

ௗ௬

ௗ௧
+ 𝜔ଶ𝑦 = 0 

is (we know) 

 

𝑦 = 𝑎଴𝑒ିఒ sin (𝑔𝑡 + 𝜑) 

 

Thus, the complete solution of (1) will be  

 

𝑦 = 𝑎଴𝑒ିఒ௧ sin(𝑔𝑡 + 𝜑) + 𝐴 sin (𝑝𝑡 − 𝜃) 

Maximum Amplitude:   𝐴ଶ =
 ௙బ

మ

   ( ఠమି ௣మ)మାସఒమ ௣మ 

The amplitude will be maximum if    ( 𝜔ଶ −  𝑝ଶ)ଶ + 4𝜆ଶ 𝑝ଶ has its minimum value. 

𝑑

𝑑𝑡
{   ( 𝜔ଶ −  𝑝ଶ)ଶ + 4𝜆ଶ 𝑝ଶ} = 0 

or ,  −2 ( 𝜔ଶ −  𝑝ଶ)2𝑝 +  4𝜆ଶ2𝑝 = 0 

or,  𝜔ଶ −  𝑝ଶ =  2𝜆ଶ 

or,  𝑝ଶ =  𝜔ଶ −  2𝜆ଶ 

So,    𝑝 = ට 𝜔2 −  2𝜆
2
 

Hence, the expression for Maximum Amplitude 𝐴௠௔௫ = ට
 ௙బ

మ

   ( ఠమି ௣మ)మାସఒమ ௣మ 

or, 𝐴௠௔௫ = ඨ
 ௙బ

మ

   ൫ ఠమି( ఠమି ଶఒమ)൯
మ

ାସఒమ( ఠమି ଶఒమ)
 

=
௙బ

√ ସఒమ ఠమିସఒర
 = 

௙బ

ඥ ସఒమ( ఠమି ఒమ)
=

௙బ

ଶఒඥ( ఠమି ఒమ)
 

 

Quality factor: The ratio of the amplitude of the oscillator when the driving frequency is 

very small is called the Quality factor of the oscillator and is denoted by Q 

Hence,  

𝑄 =
௙బ

ଶఒఠ
ൗ

௙బ
 ఠమൗ

=  
ఠ

ଶఒ
   & the relaxation time is Ʈ =  

ொ

ఠ
   where 𝑄 =  

஺೘ೌೣ

஺
=

௙బ
ଶఒఠ

ൗ

௙బ
 ఠమൗ

     &   𝜔 = 2𝜋𝑛 

H.W. 3.6, 3.7, 3.8 


