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Maxwell’s Thermodynamic Relation 
 

Maxwell derived the relation by combining 1st & 2nd law of thermodynamics for a PVT 
system undergoing an infinitesimal reversible process. 

We have from 1st law of thermodynamics, 

 

     𝑑𝑄 = 𝑑𝑈 + 𝑑𝑊 

      𝑑𝑄 = 𝑑𝑈 + 𝑝𝑑𝑉 

            𝑑𝑈 = 𝑑𝑄 − 𝑝𝑑𝑉            ---------- (i) 

From second law of thermodynamics, 

         𝑑𝑆 =
ௗொ

்
 

    𝑑𝑄 = 𝑇𝑑𝑆 

     𝑑𝑈 = 𝑇𝑑𝑆 − 𝑝𝑑𝑉          ---------- (ii) 

Considering U, S & V are function of two independent variables 𝑥 & 𝑦. 

  𝑑𝑈 = ቀ
డ௎

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డ௎

డ௬
ቁ

௫
𝑑𝑦 

  𝑑𝑆 = ቀ
డௌ

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డௌ

డ௬
ቁ

௫
𝑑𝑦 

  𝑑𝑉 = ቀ
డ௏

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డ௏

డ௬
ቁ

௫
𝑑𝑦 

Substituting their value in eq. (ii) we have- 

 ቀ
డ௎

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డ௎

డ௬
ቁ

௫
𝑑𝑦 = 𝑇 ൜ቀ

డௌ

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డௌ

డ௬
ቁ

௫
𝑑𝑦ൠ − 𝑝 ൜ቀ

డ௏

డ௫
ቁ

௬
𝑑𝑥 + ቀ

డ௏

డ௬
ቁ

௫
𝑑𝑦ൠ 

          = ൜𝑇 ቀ
డௌ

డ௫
ቁ

௬
− 𝑃 ቀ

డ௏

డ௫
ቁ

௬
ൠ 𝑑𝑥 + ቊ𝑇 ቀ

డௌ

డ௬
ቁ

௬
− 𝑃 ቀ

డ௏

డ௬
ቁ

௫
ቋ 𝑑𝑦  ---(iii) 

Comparing the coefficient of 𝑑𝑥 & 𝑑𝑦 from equation (iii) we have- 
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 ቀ
డ௎

డ௫
ቁ

௬
= 𝑇 ቀ

డௌ

డ௫
ቁ

௬
− 𝑃 ቀ

డ௏

డ௫
ቁ

௬
         ----------- (iv) 

 ቀ
డ௎

డ௬
ቁ

௫
= 𝑇 ቀ

డௌ

డ௬
ቁ

௬
− 𝑃 ቀ

డ௏

డ௬
ቁ

௫
         ----------- (v) 

Differentiating equation (iv) & (v) with respect to 𝑦 & 𝑥 we have- 

 డమ௎

డ௬∙డ௫
= ቀ

డ்

డ௬
ቁ

௫
∙ ቀ

డௌ

డ௫
ቁ

௬
+ 𝑇 ∙

డమௌ

డ௬∙డ௫
− ቀ

డ௣

డ௬
ቁ

௫
∙ ቀ

డ௎

డ௫
ቁ

௫
− 𝑝 ቀ

డమ௏

డ௬∙డ௫
ቁ 

 డమ௎

డ௫∙డ௬
= ቀ

డ்

డ௫
ቁ

௬
∙ ቀ

డௌ

డ௬
ቁ

௫
+ 𝑇

డమௌ

డ௫∙డ௬
− ቀ

డ௣

డ௫
ቁ

௬
∙ ቀ

డ௎

డ௬
ቁ

௫
− 𝑝 ቀ

డమ௏

డ௬∙డ௫
ቁ 

Since 𝑑𝑈 is a perfect differential, above two expressions are equal   డమ௎

డ௬∙డ௫
=

డమ௎

డ௫∙డ௬
 and 

single 𝑑𝑆 & 𝑑𝑉 are perfect differential. 

After simplifying we can write, 

 ቀ
డ்

డ௬
ቁ

௫
∙ ቀ

డௌ

డ௫
ቁ

௬
− ቀ

డ௣

డ௬
ቁ

௫
∙ ቀ

డ௎

డ௫
ቁ

௫
= ቀ

డ்

డ௫
ቁ

௬
∙ ቀ

డௌ

డ௬
ቁ

௫
− ቀ

డ௣

డ௫
ቁ

௬
∙ ቀ

డ௎

డ௬
ቁ

௫
         ------ (vi) 

Equation (vi) is the general equation for Maxwell’s thermodynamic Relation. 

1st Relation: 
Putting 𝑥 = 𝑇 , 𝑦 = 𝑉 and taking 𝑇 & 𝑉 as independent variables. 

  డ்

డ௫
= 1,

డ௏

డ௬
= 1,

డ்

డ௬
= 0,

డ௏

డ௫
= 0 

 (vi)   ቀ
డௌ

డ௏
ቁ

்
= ቀ

డ௉

డ்
ቁ

௏
   ቂ𝐵𝑢𝑡, 𝑑𝑆 =

ௗொ

்
ቃ 

  ∴ ቀ
డொ

డ௏
ቁ

்
= ቀ

డ௉

డ்
ቁ

௏
 

For a thermodynamic system, the increase of entropy per unit increase of volume at 
constant temperature is equal to the increase of temperature in a isochoric process. 

2nd Relation: 
Taking T & P are independent variables.  i.e. x=T & y=P 

We get from (vi) 

 డ்

డ௫
= 1,

డ௉

డ௬
= 1 &  

డ்

డ௬
= 0,

డ௉

డ௫
= 0 
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 ቀ
డௌ

డ௣
ቁ

்
= − ቀ

డ௏

డ்
ቁ

௣
 

 ቀ
డொ

డ௣
ቁ

்
= − ቀ

డ௏

డ்
ቁ

௣
 

The decrease of entropy per unit increase of pressure in a isothermal process is equal to 
the increase of volume per unit increase of temperature for a isobaric process. 

3rd Relation: 
Taking entropy & volume as independent variables. i.e. x=S & y=V 

We get, 

 డௌ

డ௫
= 1,

డ௏

డ௬
= 1 &  

డௌ

డ௬
= 0,

డ௏

డ௫
= 0 

From equation (vi) we can write, 

            ቀడ்

డ௫
ቁ

௦
= − ቀ

డ௉

డ௦
ቁ

௩
 

 ቀ
డ்

డ௫
ቁ

௦
= −𝑇 ቀ

డ௉

డொ
ቁ

௩
 

The increase of temperature per unit increase of volume in a reversible adiabatic 
process is equal to the decrease of pressure per unit increase of entropy in a isochoric 
process. 

4th Relation: 
Taking entropy & Pressure as independent variable. i.e. x=S & y=P 

We have, 

 డௌ

డ௫
= 1,

డ௉

డ௬
= 1  &  

డௌ

డ௬
= 0,

డ௉

డ௫
= 0 

(vi) ቀ
డ்

డ௣
ቁ

௦
= ቀ

డ௩

డௌ
ቁ

௣
 

 ቀ
డ்

డ௣
ቁ

௦
= 𝑇 ቀ

డ௩

డொ
ቁ

௣
 

The increase of temperature per unit increase pressure in a reversible adiabatic process 
is equal to the increase of volume per unit increase of entropy in a isobaric process. 
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5th Relation: 
Taking p & v as independent variable.  i.e. x=p & y=v 

We get, 

 డ௣

డ௫
= 1,

డ௩

డ௬
= 1  &  

డ௣

డ௬
= 0,

డ௩

డ௫
= 0 

(vi) ቀ
డ்

డ௣
ቁ

௩
∙ ቀ

డௌ

డ௩
ቁ

௩
− ቀ

డ்

డ௩
ቁ

௣
∙ ቀ

డௌ

డ௣
ቁ

௩
= 1 

6th Relation: 
Taking T & S as independent variable.  i.e. x=T & y=S 

We get, 

 డ்

డ௫
= 1,

డௌ

డ௬
= 1  &  

డ்

డ௬
= 0,

డௌ

డ௫
= 0 

(vi) ቀ
డ௣

డ்
ቁ

ௌ
∙ ቀ

డ௩

డௌ
ቁ

்
− ቀ

డ௣

డௌ
ቁ

்
∙ ቀ

డ௩

డ்
ቁ

ௌ
= 1 

Clausius – Clapeyron equation (1st latent heat equation) 
From Maxwell’s 1st relation we can write 

 ቀ
డௌ

డ௩
ቁ

்
= ቀ

డ௉

డ௧
ቁ

௩
 

 𝑇 ቀ
డௌ

డ௩
ቁ

்
= 𝑇 ቀ

డ௉

డ்
ቁ

௩
  [∵ 𝑑𝑄 = 𝑇𝑑𝑆] 

 ቀ
డொ

డ௩
ቁ

்
= 𝑇 ቀ

డ௉

డ்
ቁ

௩
         ------------ (i) 

Here, ቀడொ

డ௩
ቁ

்
 represents the quantity of heat absorbed per unit increase in volume at 

constant temperature. This quantity of heat absorbed at constant temperature is the 
latent heat (L), 

Thus 𝑑𝑄 = 𝐿  &  𝑑𝑉 = 𝑉ଶ − 𝑉ଵ 

 ∴ ቀ
௅

௏మି௏భ
ቁ

்
= 𝑇 ቀ

ௗ௣

ௗ்
ቁ

௏
 

 ቀ
ௗ௣

ௗ்
ቁ =

௅

்(௏మି௏భ)
 which is the 1st latent heat equation. 
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Specific heat of constant volume Cv: 
The amount of heat required to raise the temperature of unit mass of a gas through 1C 

when its volume keep constant, it is represented by 𝐶௩ = ቀ
∆ொ

∆்
ቁ

௩
 

Specific heat of constant Pressure Cp: The amount of heat required to raise the 
temperature of unit mass of a gas through 1C when its pressure keep constant, it is 

represented by 𝐶௣ = ቀ
∆ொ

∆்
ቁ

௣
 

Show that  𝐶௣ − 𝐶௩ = 𝑅 

If  𝑉 & 𝑇 are chosen as the independent variables 𝑈 = 𝑓(𝑉, 𝑇)   ------------- (i) 

Differentiating (i) 

 𝑑𝑈 = ቀ
డ௎

డ்
ቁ

௏
𝑑𝑇 + ቀ

డ௎

డ௏
ቁ

்
𝑑𝑉                  -------------(ii) 

According to the 1st law of thermodynamics- 

 𝑑𝑄 = 𝑑𝑈 + 𝑑𝑊 

        = 𝑑𝑈 + 𝑝𝑑𝑉 

        = ቀ
డ௎

డ்
ቁ

௏
𝑑𝑇 + ቀ

డ௎

డ௏
ቁ

்
𝑑𝑉 + 𝑝𝑑𝑉 ----------------(iii) 

Dividing both side by 𝑑𝑇 

 ௗொ

ௗ்
= ቀ

డ௎

డ்
ቁ

௏
+ ቄ𝑝 + ቀ

డ௎

డ௏
ቁ

்
ቅ

ௗ௏

ௗ்
 ------------------ (iv) 

If the gas is heated at constant volume- 

 ቀ
డொ

డ்
ቁ

௏
= 𝐶௏   &  

ௗ௏

ௗ்
= 0 

 ቀ
డொ

డ்
ቁ

௏
= ቀ

డ௎

డ்
ቁ

௏
= 𝐶௏ --------------------- (v) 

When the gas is heated at constant pressure, 

 ௗொ

ௗ்
= 𝐶௣ 

 ∴ 𝐶௣ = ቀ
డ௎

డ்
ቁ

௏
+ ቄ𝑝 + ቀ

డ௎

డ௏
ቁ

்
ቅ ቀ

డ௏

డ்
ቁ

௣
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 ∴ 𝐶௣ = 𝐶௏ + ቄ𝑝 + ቀ
డ௎

డ௏
ቁ

்
ቅ ቀ

డ௏

డ்
ቁ

௣
 

 But ቀడ௎

డ௏
ቁ

்
= 0 

For ideal gas equation we can write 

 𝑃𝑉 = 𝑅𝑇 

       𝑃 ቀ
డ௏

డ்
ቁ

௣
= 𝑅 

 ∴ 𝐶௣ − 𝐶௏ = 𝑃 ∙ ቀ
డ௏

డ்
ቁ

௣
+ ቀ

డ௎

డ௏
ቁ

்
∙ ቀ

డ௏

డ்
ቁ

∗
 

       𝐶௣ − 𝐶௏ = 𝑅 (Shown) 

 

Maxwell's law of Equipartition energy: 
 

According to kinetic theory of gas we can write, 

 ଵ

ଶ
𝑚𝑐ଶ =

ଷ

ଶ
𝑘𝑇 

But,  𝑐ଶ = 𝑢ଶ + 𝑣ଶ + 𝑤ଶ as  𝑥, 𝑦, 𝑧  are all equivalent. Mean square velocities 
along three axes are equal. 

 𝑢ଶ = 𝑣ଶ = 𝑤ଶ 

Hence, 

 𝑢ଶ = 𝑣ଶ = 𝑤ଶ =
ଵ

ଷ
𝑐ଶ 

 ∴
ଵ

ଶ
𝑚𝑢ଶ =

ଵ

ଶ
𝑚𝑣ଶ =

ଵ

ଶ
𝑚𝑤ଶ 

 ∴
ଵ

ଶ
𝑚𝑐ଶ = 3 ቀ

ଵ

ଶ
𝑚𝑢ଶቁ = ቀ

ଵ

ଶ
𝑚𝑣ଶቁ = ቀ

ଵ

ଶ
𝑚𝑤ଶቁ =

ଷ

ଶ
𝑘𝑇 

       3 ቀ
ଵ

ଶ
𝑚𝑢ଶቁ =

ଷ

ଶ
𝑘𝑇  or, ଵ

ଶ
𝑚𝑢ଶ =

ଵ

ଶ
𝑘𝑇 

       3 ቀ
ଵ

ଶ
𝑚𝑣ଶቁ =

ଷ

ଶ
𝑘𝑇  or, ଵ

ଶ
𝑚𝑣ଶ =

ଵ

ଶ
𝑘𝑇 
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       3 ቀ
ଵ

ଶ
𝑚𝑤ଶቁ =

ଷ

ଶ
𝑘𝑇  or, ଵ

ଶ
𝑚𝑤ଶ =

ଵ

ଶ
𝑘𝑇 

Thus, the average K.E. associated with each degree of freedom = ଵ

ଶ
𝑘𝑇 


